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1 Short review of quantum theory

1.1 Quantum states

Any physical system is completely described by a state vector |i) in a Hilbert space
H. A system with a two-dimensional Hilbert space is called a qubit (quantum bit). In
general, we consider a Hilbert space with an arbitrary but finite dimension.

Any system which is described by a single state vector is said to be in a pure state. If
the system is in the pure state [i;) with probability p;, the physical state of the system is
described by the density matrix

p= Z pi [l

where |);){1);| denotes projector onto the vector [¢);). If pmax < 1, the system is in a mixed
state.

Example. For pp = p; =1/2and

o) = 0) =( . ) ) = cosa|0) + sina[1) =(

cos &
sina

we have the density matrix

1 1 1(1 1 .
p=§|0)<0|+§|¢1)(¢1|:§(0)(1 O)+§(§?§Z)(Cosa sina )

_1(1 0) 1( cos? a cosasina)_1(1+cosza cosasina)

2

2 2

2 Cos & Sin & sin” «

CcOos & sin & sin” «

00" 2

Properties of density matrices:

e p has trace equal to one:
Tr[p] =1,

e pis positive semidefinite:
Wlply) =0

for any vector [¢).



1 Short review of quantum theory

Note that the second property also implies that p is Hermitian: p* = p.

1.2 Quantum measurements and operations

According to the measurement postulate of quantum mechanics, for a spin-1 particle
in the state

) =aln) +b1L) :( ) )
the probability to measure “spin up” or “spin down” is given by
p(1) = la?,
p(l) = Ibl* =1 = p(1).
The post-measurement state of the particle is either |T) or []).

Here, we consider a more general definition. A general quantum measurement is
described by a collection {K;} of Kraus operators that fulfill the completeness equation:

10 00

01 0 0
Y KiKi=1,= . (1.1)
i 00 10

00 01

Given a density matrix p and the set of Kraus operators {K;}, the probability that the
measurement outcome i occurs is given by

pi = Tr[KipK]].
For p; # 0 the post-measurement state of the system is described by the density matrix
Ki ij-

pi = i

Any set of Kraus operators corresponds to a measurement, in principle realizable in
laboratory. Vice versa, for any physically realizable measurement there exists a valid
set of Kraus operators.

o~
Sl

Figure 1.1: General quantum measurement
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The set of operators
M; = K'K;

is called positive operator-valued measure (POVM). The completeness condition (1.1)
implies ));M; = 14, and the probabilities of the outcome i is p; = Tr[M;p]. For a
projective measurement, the operators K; are orthogonal projectors: KiK; = 6;;K;. If K;
are orthogonal projectors with rank one, we have a von Neumann measurement.

Any set of Kraus operators {K;} also defines a quantum operation:

Alp) = Z KipK?.

Quantum operations describe the most general change of a quantum state in a physical
process. They correspond to a special class of linear maps, which are completely positive
and trace preserving (CPTP).

1.3 Composite systems

For two parties, Alice (A) and Bob (B), with Hilbert spaces H4 and Hjp the total Hilbert
space is a tensor product of the subsystem spaces: Hap = Hs ® Hp.

Example. Consider the states

cos &
sin o

sin 8

|¢>A =cosa|0) +sinall) = (

), |¢>B:cosﬁ|0>+sinﬁ|1>:(Cosﬁ).

The state of the total system is

cos a cos f3
AB _ | \A B _ [ cosa cosf |\ | cosasinf
= igrtem =( ot o Snf ) <[ easit
sina sin 8

If {|i)} and {|k)} are orthonormal bases of 4 and Hp, then {|i) ® [k)} is an orthonormal
basis of Hsp. We can expand any pure state as

Wy =Y ciliy@ k).

ik

with ¢ € C. Any density matrix can be expanded as

P8 =Y cipliXjl® ol

i,j,k,1
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with ¢;j5) € C. The subsystem A is described by the reduced density matrix

ot =Trglp™®1 = Y cij DG TrIRXIT = ) cis X710k = ) cijee X1,

i,jk1 i,jk,1 i,jk

where Trp is the partial trace over the subsystem B.

(1.2)

Example. Consider the density matrix

1 0 0 1
m_ 1000 0| (X Y
P7=32100 0 0 Yt z
1 0 0 1
1 1
= 0 0 s 0 0
with matrices X = 2 ),Y: 2 )andZ:( )
0 00 0 1

The reduced density matrices are

4 TIX] Te[YT\ 1(1 0
= Te[YT] T[z1 )72 ’

PB:X+Z:1(l O).

01

210 1

For any pure state |¢>AB there exists a product basis {|i) ® |j)} such that

[y =Y VAl el

(1.3)

with A; > 0. This is called Schmidt decomposition of |¢>AB . The numbers A; are called
Schmidt coefficients of |¢>AB . The Schmidt coefficients are equal to the eigenvalues of

the reduced states TrA[|¢)(¢|AB] and TrB[|¢)(1,D|AB].

For composite systems it is possible to perform local measurements on one of the
subsystems. Kraus operators of local measurements on Alice’s side have the form

K;“B = K; ® 1 with the completeness condition

Y (KAB)' kAP = Y KIK®1 =145
i

1

Local quantum operations on Alice’s side are defined as

AMp*P) =) (Kie1)p" (Ke1).

1



1 Short review of quantum theory

The state of Bob does not change upon local operations of Alice:

pB =Try [pAB] =Try [AA(pAB)] .

>AB

Purification: A pure state [¢))"" is called a purification of a mixed state p* if

p = TesllP)(WI ).
Two states |¢>AB and |¢)AB are purifications of the same state pA if and only if
)y = (e U |p)y**
for some local unitary U.
Useful properties of square matrices

Functions of matrices: Let f be a function from C to C. For a normal (diogonalizable)
matrix A = ) ;a; [;)(¢i| with eigenvalues a; € C and eigenstates [1);) we define

F(A) = Z F@i) i)l

Polar decomposition: For any square matrix A there exist unitary matrices U and V

such that
A=UVATA = VAAtV.

Every Hermitian matrix H can be decomposed into a positive and negative part H =
P, — P_ with positive matrices P.. Moreover, P, and P_ are supported on orthogonal
subspaces, such that Tr [P, P_] = 0.



2 Theory of quantum entanglement

2.1 Definition

If there are states |a) € H, and |b) € Hp such that
[P)y*P = la) @ |b),

then |y is called separable (or product state). Otherwise the state is called entangled.
Y4B is product if and only if p# is pure.

Notation: For product states |i) ® |j) we sometimes write [i) |j) or [i}).

Example. |®*) = %QOO) +]11)) is entangled since p# = %112-

2.2 Local operations and classical communication (LOCC)

Figure 2.1: Local operations and classical communication

10



2 Theory of quantum entanglement

LOCC describes the most general procedure Alice and Bob can apply, if they can perform
arbitrary quantum measurements/operations locally, and exchange classical informa-
tion. Any LOCC protocol can be decomposed into the following steps:

1. Alice performs a local measurement {K;} on her subsystem.

2. The outcome i of Alice’s measurement is communicated to Bob via a classical
channel.

3. Bob performs a local measurement {L;(i)} on his subsystem, which depends on
Alice’s outcome i.

4. The outcome j of Bob’s measurement is communicated classically to Alice.

5. Alice performs a local measurement on her subsystem which can depend on all
outcomes of all previous measurements, and the process starts over at step 2.

2.3 Pure state conversion via LOCC

Assume that Alice and Bob share the state [1))f. Which other states |qb>AB can be
obtained via LOCC?

Proposition 2.1. Suppose [WY? can be transformed into |¢>AB via LOCC. Then this trans-
formation can be achieved by a protocol involving just the following steps: Alice performs a
measurement with Kraus operators {K;}, sends the result j to Bob, who applies a conditional
unitary U; on his system.

Proof. Let K; = Y i Kjx lk){I| be a Kraus operator of Bob expanded in the Schmidt basis
of [Py =3; VA; iy ® |i). The post-measurement state |p;) is given as

1®K;ly) _ Yot Kijr VAL 1) @ [k)
VPi VPi

|uj) =

with probability
pi = W@ KIKlp) = Y AlKjul
k,1

Assume now that instead Alice performs a measurement with Kraus operator L; =
Yk Kjxi k)|, leading to the state

Lielly) _ Yo Ki VA ky © |1)
VPi i

lvi) =

11



2 Theory of quantum entanglement

with the same probability p;. Note that |i;) and |v;) are the same up to interchanging A
and B, which by Schmidt decomposition implies that

=Y Jag (Ui h) e (Vi)
i
= Y, VT (V10)e (1)
i
for some @jj =0 and local unitaries U and Vi and thus
) = (u]-v} ® v]-uj.) vi).

Thus, Bob performing a measurement {K;} on [¢) is equivalent to Alice performing a
measurement {U; V;TL i1, followed by Bob performing the unitary V; U}r.

A measurement by Bob on a pure state can be simulated by a measurement by Alice, and
a conditional unitary by Bob. If Alice and Bob perform an LOCC protocol consisting
of many rounds of measurements and classical communication, we replace each round
involving Bob’s measurement by a corresponding measurement on Alice’s side. In this
way, any LOCC protocol transforming 1)) into Iqb)AB can be simulated by a single
measurement of Alice, followed by conditional unitary on Bob’s side. O

Majorization: Consider two real d-dimensional vectors X and i with elements in de-
creasing order. Then X < i/ if
k k

Yuzyo

i=1 i=1
forallk e [1,d-1],and Zflzl X; = Zflzl y;. For a Hermitian matrix H let XH be the vector
of eigenvalues of H in decreasing order. For two Hermitian matrices H and K we write
H < Kif Ay < Ak.

Proposition 2.2. Let H and K be Hermitian matrices. Then H < K if and only if there is a
probability distribution p; and unitary matrices U; such that

H=) pjuKu.
j

For a given state |¢)AB , let /Yd, denote the vector with eigenvalues of the reduced state
Trp [|¢)<¢|AB ]in decreasing order. Equipped with these tools, we can provide a complete
characterization of LOCC transformations between bipartite pure states in the following
theorem, which is also called Nielsen’s theorem.

12



2 Theory of quantum entanglement

Theorem 2.1. There exists an LOCC protocol transforming [p)8 into |pY*B if and only if
ti < X(i)-
Proof. Suppose |)"*® can be transformed into [p)*? via LOCC. By proposition 2.1, the

transformation is achieved if Alice applies a measurement with local Kraus operators
{K;} and Bob applies local unitaries {U;}. After Alice’s measurement, the total post-

measurement state is equal to |¢)"*® up to local unitaries on Bob’s side:

Ki® 1y = Jpil® u} [

Defining py = Trg[[Y) (1] and py, = TrpllpXPl*P], we get
KipyK} = pjps
withp; = Tr[K]'plpK}L]. By polar decomposition there exists a unitary V; such that
Kj\Jpy = \JKipyKiV = \lpjpsV;.
Multiplying this equation with its adjoint from the left, we get
VoK) Py = piVipo Vi

Taking sum over j and using }_; K;f K; = 1 we obtain
po =Y piViosV;,
j

and by proposition 2.2 we have le < X(P.

Suppose that /ﬂ, < X¢, and thus py < pe. By proposition 2.2

pp =Y pillipUt
p

for some probabilities p; and unitaries U;. If py is invertible, we define

-1/2
Kj = \pipoUip, 2.

It holds that

ty . —1/2
2. KiKi=p,

]

-1/2 -1/2 -1/2
p¢/ :P¢/P¢P¢/ =1,

Z piljpsU}
]

13



2 Theory of quantum entanglement

thus K; are valid Kraus operators. Suppose Alice performs the measurement {Kj}, it
follows

KipyK] = pjpe-
When Alice applies the measurement {K;} to the total state |¢)AB , she obtains the reduced
state py, with probability p;. Since all purifications of p, are equivalent up to unitary
on Bob’s side (see Section 1.3), it follows that there exist unitaries U; on Bob’s side such
that

Kj® 11p)y** = \fpj1 ® Ujlp)*” .

Thus, if Alice applies measurement {K;} to the state Igb)AB , communicates the measure-
ment outcome j to Bob, and he performs Ll;.r, they achieve the conversion [)f —

|gpyB. O

2.4 Probabilistic conversion and catalysis

If there is no LOCC protocol converting [)*® into |p)?, there might still be a chance
to perform probabilistic conversion. Here, Alice and Bob are allowed to post-select
the outcomes of their local measurements, leading to a conversion |¢)>AB — |¢)AB with
probability p. For general density matrices pA® and 0”8 the optimal probability can be
defined as

P(pAB N GAB) — n{r}g}x {Tr

Z Kip"P K}
i

and the maximum is taken over all (incomplete) sets of Kraus operators {K;} which
are implementable via LOCC. For bipartite pure states |1,b>AB and |¢>>AB the maximal
conversion probability can be evaluated as

AB -t
018 = ol }
Tr | L KipBK! |

Y oa;
, AB . ABY _ . i=l
(190 = 107"") = i 57 5.

where a; and B; are the Schmidt coefficients of Igb)AB and |¢>AB , respectively, sorted in
decreasing order.

A catalytic conversion between the states |gb>AB and |¢>AB is possible if there exists an
additional state |C>A,B "and an LOCC protocol converting Igb)AB ® IC)A’B "into |¢>AB ®|c)A,B "

14



2 Theory of quantum entanglement

2.5 Bell states

In the Hilbert space of two qubits the following four states form an orthonormal basis:

1
) = —(|00) +|11)),
D7) «/E(l )+ [11))

1
™) = —(|00) — |11)),
D7) «/E(l ) —[11))
1
W) = —(|01) +]10)),
™) «/E(l ) +10))

1
[W™) = —=(01) — [10)).

V2
These states are called Bell states (or EPR states). The state [¥~) is also called singlet
state. The reduced state of any Bell state is 11, and for any single-qubit state p it holds
11, < p. With Theorem 2.1 it follows that any Bell state can be converted into any
two-qubit pure state via LOCC. Bell states are also called maximally entangled states

(of two qubits).

For ds = dg = d, a quantum state |¥;) is maximally entangled if and only if
1
Tra [[WaX(Wall = ;lﬂd-

All maximally entangled states are equivalent to

1%,
5 == Z(; i
up to local unitary on one side: there exist unitaries U and V' such that
Way=UL)IDy) = (1o V)|D))
for any maximally entangled state [\V;).

2.6 Entanglement for mixed states

A bipartite mixed state is separable if it can be written as:

paE = ) piliXuil @ g

15



2 Theory of quantum entanglement

withp; >0, ). pi = 1, i) € Ha and |¢;) € Hp. If the state cannot be written in this form,
it is called entangled. Separable states form a convex subset in the set of all quantum
states.

Any separable state can be produced by LOCC from an initial product state |00). No
entangled state can be produced by LOCC.

Figure 2.2: Separable states are a convex subset in the set of all states.

16



3 Entanglement detection

Literature: Horodecki et al., Rev. Mod. Phys. 81, 865 (2009)

3.1 Entanglement withesses

Let WAB be a Hermitian matrix such that

e[ WA ()l @ o)ol)] = (@ (@l W (ly) ®16)) = 0

for any [p) € Hy and |¢p) € Hp. Then, for any separable state p‘s“e]f, we have

Te[Wpig] = ) Te [WP (wxwil @ i@l > o.

Thus, if
Tr [WABpAB] <0,

the state p*® must be entangled. The matrix W*P is called entanglement witness. From
the Hahn-Banach theorem follows

Theorem 3.1. For any entangled state p there exists an entanglement witness such that
Tr [WABpAB] <0.

Figure 3.1: Entanglement witness.

17



3 Entanglement detection

An entanglement witness can be interpreted as an observable with expectation value
Tr [WAB pAB]'

Example. For d4 = dp the swap operation is an entanglement witness:

d-1
WAP = 3" lix(jl ® i)l

i,j=0
For any product state [¢) ® |¢p) we find that WA [y) ® |p) = |Pp) ® ), and thus
(l® (¢l) W (jp)y @ 16)) = (Wl ® (@l) (Ip) ® 1)) = Kepl) = 0.

WAB has negative eigenvalues:

WA ) = — (WP j01) — WAP 10)) = — ),

V2

thus W48 detects entanglement in the state [W™).

3.2 Partial transposition

Forabipartitestatep = }3; k1 ik [1){jI®lk){!| the partial transposition on Bob’s subsystem

is defined as
pTr = Y ciliyjl® (XD = ) e Xl @ XK.
i,jk,1 i,jk,1

Note that p’4 and p’® have the same eigenvalues.

Applying partial transposition to a separable state leads to another quantum state:

pato = ) Pilvd (Wi @ (0o = ) pilpiXwil ® 1)@}l

Thus, if p'® is not positive, p must be an entangled state.

18



3 Entanglement detection

Example. For the state [i)) = cos a|00) + sina |11) we have

cos’a 0 0 cosasina
0 00 0 XY
p=lwiyl= 0 0 0 0 :(W z)
cosasina 0 0 sin® a
2 .
. [ cosca O [ 0 cosasina (0 0
WlthX—( 0 0),Y—(0 0 )andZ—(O sin o )
We obtain
. . cos® 0 0 0
Ty _ X . Y 0 0 cosasina 0
po= (Y’f) ZT 0 cosasina 0 0o |
0 0 0 sin” a
pTB:(}; YZ-'—)IPTA.
The eigenvalues of p™ are cos?a, sin® a, +|cosasina|, thus [¢) is entangled for all

a # n%. In general pT4 # pTs.

Choi-Jamiolkowski isomorphism, positive, and completely positive maps. A
positive map is a linear map A acting on matrices such that A(p) is positive
semidefinite for any positive semidefinite matrix p. For a bipartite density matrix
pAB = Zi,j,k,, Cijut ]l ® [k)(I| we define 1 ® A(pAB) as

18 AP™) = Y cijalidjl © AGKRXI).
i,jk,l

The map A is completely positive (CP) if 1 ® A(p?®) is positive semidefinite for any
positive semidefinite matrix p”® in the extended Hilbert space of any dimension.
Every quantum operation is CP (see section 1.2). Every CP map is positive, but there
are positive maps which are not CP (e.g. transpose).

For a linear map A acting on Hilbert space of dimension d, the Choi matrix is defined
as
My = (1® A) [0 %@} .

A linear map A is positive if and only if M, is an entanglement witness. Moreover,
for any entanglement witness WAZ with d4 = dg there exists a positive map A such
that WAB = M. The map A is CP if and only if M, is positive semidefinite.

19



3 Entanglement detection

Proposition 3.1. For d4 = dg = 2 a state pAP is separable if and only if p™® is positive
semidefinite.

Proof. For any entangled state p”'? there exists an entanglement witness WA such that
(see Section 3.1)
Tr [ WA o] < 0.

With the Choi-Jamiotkowski isomorphism, there also exists a positive map A such that

Tr [(]1 ® A O+ N D)) pAB] <0.

Every positive qubit map can be decomposed as
Alp) = A (p) + [AS7(0)]
with CP maps AiCP, and thus
0> Tr [(]1 ® A DTN D)) pAB] =Tr [(]1 ® AST |07 ) (@) pAB]
+Tr [(1 ® ASP |0 y(@7]) 7 pAB]
=Tr [leAB] + Tr [XZTBpAB]
with positive matrices X; = 1 ® AiCP |D*)(DF|. Using
Tr [XzTBpAB] =Tr [szTB] ,

we obtain
0> Tr[Xip*P] + Tr [Xap™s| 2 Tr [X2p™].

Since X is positive, p’ must have negative eigenvalues. |

This result is called positive partial transpose (PPT) criterion, which extends to larger
dimensions as follows.

Theorem 3.2. For dadg < 6 a state pP is separable if and only if p'® is positive. For all
dadp > 6 there exist entangled states which have positive partial transpose.

20



4 Applications of entanglement

4.1 Quantum teleportation

Suppose Alice and Bob share a Bell state |®* Y4B, Additionally, Alice has a qubit A’ in
the state Igb)A, = cg|0) + c1[1). Alice can send the qubit A’ to Bob by using quantum

teleportation, see also Fig. 4.1.

I

AN s [

Figure 4.1: Quantum teleportation.

The total initial state of Alice and Bob has the form
’ ’ ’ ]_
DY AP = (o 10YY + 1 [1)Y) ® — (100" + [11)4
< Jo L |

= L [c010)(100) + 111) + ¢4 [1) (00} + [11))] .
v

21



4 Applications of entanglement

Controlled NOT gate (CNOT): A unitary transformation acting on two qubits (control
and target) as follows

Before After
Control | Target | Control | Target
10) 10) 10) 10)
10) 1) 10) 1)
1) 10) 1) 1)
LY 1) 1) 10)

Hadamard gate: A unitary transformation on one qubit acting as follows

1
0) - —(|0 1)),
10) \/§(|>+|>)

1
1) - —(0) = [1)).
1) \/E(Hl»

In the next step, Alice performs a CNOT gate on her qubits A’A, where A’ is the control
qubit and A is the target. This leads to

) = = [co 10 (00} + [11) + ¢ [1) (110) + [01Y)].
V

Finally, Alice applies a Hadamard gate to A”:
’7 1
D7) = 5 [co (10) + (1)) (100) + [11)) + c1 (10) — [1)) (|10) +[01))]
1
=5 [100 (co 0) + c1[1)) +101) (co [1) + €1 10)) +110) (co [0) — c111)) + [11) (co [1) — c1 10))] -
Alice measures her qubits A’ and A in the computational basis {|0),[1)}. Depending

on the outcome of her measurement, the state of Bob’s qubit B collapses to one of the
following states:

Alice’s outcome | State of B
00 co0) + ¢1 |1)
01 co|1) + ¢1|0)
10 Co |O> —C1 |1>
11 col1) —c110)

Bob performs a correction on his qubit depending on Alice’s measurement according
to the following table (0; are Pauli matrices) outcome:

22



4 Applications of entanglement

Alice’s outcome | State of B | Correction | State of B after correction
00 co |0) + ¢1 [1) 1 co |0) +¢1 1)
01 co|1) + ¢1|0) Oy co|0) + c1 |1)
10 0y —c1]1) 0z 00y +c111)
11 co|1) = c1|0) ioy co0) + c1 |1)

In the end of the protocol Bob’s qubit B is in the state Igb)B = ¢g|0) + ¢1 |1), which is the
initial state of Alice’s qubit A’.

The protocol does not depend on the state to be teleported. Also, the Bell state |®* Y4B

is destroyed in this procedure, thus teleportation of one qubit consumes one Bell state.

Quantum teleportation can also be applied to teleport a part of Alice’s subsystem, see
also Fig. 4.2. If Alice is in possession of two qubits C and D in a quantum state 1),
she can teleport the particle D to Bob by using a Bell state. In this way, Alice and Bob
will end up sharing the two-qubit state [¢) which was initially in Alice’s laboratory.

Systems of larger dimension d > 2 can be teleported as follows: if d = 2" for some integer
n, then the particle A’ (which is the particle Alice wants to teleport) can be regarded
as an n-qubit system: A’ = AJA) ... Aj. Teleportation of A’ can then be achieved by
teleporting each of the qubits A}, thus consuming n = log, d Bell states. If log, d is not

an integer, we define n = |log, d|. The state | )A' can then be written as
g 82

21
[y =Y ey,
i=0
and all coefficients c; are zero for i > d. Thus, also in this case we can regard A’ as being
composed of n qubits, and teleport each of the qubits individually.

Similarly, if Alice is in possession of a bipartite state |1))“", where C and D are now gen-
eral quantum systems of arbitrary (but finite) dimension, Alice can teleport the particle
D to Bob. The number of Bell states required for this procedure can be determined by
the following proposition.

Figure 4.2: Quantum teleportation of a part of a quantum system.
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4 Applications of entanglement

Proposition 4.1. For a state
k-1
)P =Y VAl @ 1P
i=0

with k nonzero Schmidt coefficients the teleportation of D can be done by consuming [log2 k-l
Bell states.

4.2 Superdense coding

A 06

Figure 4.3: Superdense coding.

Suppose that Alice and Bob share two qubits in the state |®*). They can use |®*) to
communicate two bits of information with a single qubit via the following procedure.

1. Alice applies a unitary on her qubit, depending on which two bits she wants to
send to Bob. The concrete unitaries are given by

Encoded bits | 00 | 01 | 10 | 11
Alice applies | 1 | 0, | 0y | ioy
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4 Applications of entanglement

The resulting states are given as

00 : ") — (1® 1) D) = |D),

1 1
01:®+—>Z]l—00 11)) = — (|00) — |11)) = |[D7),
0 = (028 1) = (00) + 1) = = (00) = 1)) = o)
10 [0*) - (05 ® 1) % (100) + [11)) = \% (110) + [01)) = [¥*),
1

11: [0%) > (io, ® 1) —= (100) + [11)) = Lz (=110) +101)) = [W~).

V2 V2

2. Alice sends her qubit to Bob, who is now in possession of one of the four Bell
states.

3. Bob applies a von Neumann measurement in the Bell basis. From his outcome, he
can directly read off the two bits encoded by Alice.

Note that two bits is the maximal amount of classical information that one qubit can
carry.
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5 Entanglement distillation and dilution

5.1 Shannon and von Neumann entropy

Consider an integer random variable x with probability distribution p(x). A sequence
of independent and identically distributed variables x; has probability distribution

p(x1, ..., Xm) = p(x1)p(x2) . .. p(xm)-

The Shannon entropy of the probability distribution is defined as
H(p(x)) = = ) p(x) log, p().
X

Correspondingly, we can define the von Neumann entropy of a quantum state p with
eigenvalues A;:

S(p) = —Trlplog, pl = - Y Aslog, A

5.2 Typical sequences

Consider a sequence x1, X2, ..., x,; of m independent and identically distributed random
variables x;. For large m certain sequences will be suppressed, they are atypical. Typical
sequences are those that are most likely to appear for large m. A sequence of independent
and identically distributed random variables x; with entropy H(p(x)) is called e-typical
if

2-mH(px)+e) < p(x1, ..., Xy) < o—m(H(p(x))—€) (5.1)

Example. Consider a biased coin, where we associate 0 with “heads” and 1 with
“tails”. We further define p(0) = 2/3 and p(1) = 1/3, see Fig. 5.1. For € = 0.01 and
m = 10 we obtain
1 _
p(1,1,...,1,1) = 30 ~2x107,
27MHPDEE) & 9 % 1073

Thus, the sequence 1,1, ...,1,1 is not e-typical.
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5 Entanglement distillation and dilution

plheads) = p(0) = 2

Figure 5.1: Biased coin as an example of a random variable

Theorem of typical sequences.
(1) Fix € > 0. For any 6 > 0, for sufficiently large m the probability that a sequence is
e-typical is at least 1 - &:

Z plx)p(x2) ... p(xm) > 1 —-0.

x e—typical

(2) For any fixed € > 0 and 6 > 0, for sufficiently large m, the number |T(m,€)| of
e-typical sequences satisfies

1- 6)2m(H(P(x))—e) < |T(m,€)| < om(H(p(x))+e)
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5 Entanglement distillation and dilution

5.3 Entanglement dilution

L0 Wé%‘%ﬁ“f@/m
Figure 5.2: Entanglement dilution
Assume that Alice and Bob share 7 singlets [¥~). Entanglement dilution is an LOCC

protocol transforming [¥~)®" into m copies of another state [(). The procedure can have
an error which should vanish in the asymptotic limit n — co.

The minimal fraction n2/m in the limit n — oo is called entanglement cost of [¢).

Proposition 5.1. The entanglement cost of a state |()) is at most S(py), where py, = Trp[|iP) (P[]
is the reduced state of Alice.

Proof. Suppose an entangled state |i)) has Schmidt decomposition

) =) V@ R e )",

X
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5 Entanglement distillation and dilution

The state [¢,,) = |gb)®m can be written as

)= Y APGDPG) -l Faxa . xn)t @ s ) (5.2)

X1,X,0e X

We now define a new quantum state |¢,,) by omitting terms xy, ..., x; which are not
e-typical:

) = Z VpGe)p(x2) - - p(an) X122 - - X @ X122 . 20 )E (5.3)

x e—typical

Note that |¢,,) is in general not normalized. We normalize it by defining

|pr) = ———=Ipm) (5.4)

v <q5m|qu

Consider now the scalar product (1,7, ):

p(x1)p(x2) ... p(xm) = p(x)p(x2) . .. p(xm).
V(qul(f)m x e;mcal ’ x e—;pical 1 ’

Part (1) of the theorem of typical sequences implies that

Wl =

m—o0

x e—typical

lim | ) p(x1)p(x2)...p(xm)]:1,

and thus
Tim (Pl = 1.

This means that for large m the state |¢;,) is a good approximation of [,,) = |¢)®m.

Alice now prepares the state |¢;,) locally, and then teleports what should be Bob’s half
of the state |¢;,) over to Bob. In this way Alice and Bob end up sharing the state |};,),
which is a good approximation of [¢))®". By part (2) of the theorem of typical sequences,
the number of terms in the sum (5.3) is at most

om(HpG+e) — Hm(S(py)+e)

This implies that the state |¢/,) has at most 2"(>(¥)*®) nonzero Schmidt coefficients. By
using Proposition 4.1, Alice can teleport half of the state |¢;,) to Bob by consuming at
most

n=[m(S(py) +e)|

Bell states. Since € can be chosen arbitary small, we can bring the ratio n/m arbitrary
close to S(py) by choosing m large enough. Thus, the entanglement cost of [{) is at most

S(plp). O
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5 Entanglement distillation and dilution

5.4 Entanglement distillation

Entanglement distillation can be seen as the reverse process of entanglement dilution.
Assume that Alice and Bob share m copies of the state [¢). Entanglement distillation is
an LOCC protocol transforming |1,b>®m into n singlets [¥~). The procedure can have an
error which should vanish in the asymptotic limit m — oo.

The maximal fraction n/m in the limit m — oo is called distillable entanglement of |¢).

Proposition 5.2. The distillable entanglement of a state [{) is at least S(py).

Proof. Suppose that Alice and Bob share m copies of the state (), see also Eq. (5.2). Alice
tirst performs a local projective measurement with Kraus operators

I = Z |x1200 . o X (X120 . X

x e—typical

and I'Ty = 1 —TITp. The probability of measurement outcome 0 is

po=Tel(Mo® 1) [Yu)Wull = Y. ple)p@a)... plxw),

x e—typical

and the post-measurement state of Alice and Bob is

1 A B
I ® 1) [Pm) = VPE)P(2) . .. p(em) X122 . X)) ® [x1%2 .. x)°
\/p_ \/_ x e—t%:ical
(5.5)
which is equivalent to |¢;,) in Eq. (5.4). The probability py converges to 1 in the limit

m — oo due to part (1) of the theorem of typical sequences.

The (unnormalized) vector |¢,,) in Eq. (5.3) has Schmidt coefficients of the form p(x1)p(x2) . ..

with an e-typical sequence x1, . .., x,,,. By definition of e-typical sequences [see Eq. (5.1)],
the largest Schmidt coefficient of |¢,,) is at most

p1)p(x2) . . . plaxy) < 27MHEE)=E) = o=m(S(py)=e),

where py = Trp[[ }YI].

The post-measurement state of Alice and Bob in Eq. (5.5) corresponds to the state |¢;,)
in Eq. (5.4), and can be written as

om) )
\/<(Pm|q5m> \/Zx e—typical P(Xl )P(XZ) (xm)

) =
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5 Entanglement distillation and dilution

By part (1) of the theorem of typical sequences, for any 6 > 0 and m large enough we
have
Z pee)p(x2) ... plaw) > 1= 6.
x e—typical
Thus, the largest Schmidt coefficient of |¢;,) is at most 27mSPp)=€) /(1 = §).

Choose n such that
2-m(S(py)—e) - iy
— <27 .
T (5.6)
Since the Schmidt coefficients of |¢;,) correspond to eigenvalues of pgy, , all eigenvalues
of py; are at most 27". Thus, the vector X% , containing eigenvalues of py; in decreasing
order, is majorized by the vector
v=2™",2™",..,27"0,...,0),
—_—
2" times

where zeros are added to make the dimension of 7 equal to the dimension of X% (due

to Eq. (5.6) the dimension of /Y% is at least 2"). By theorem 2.1, the state |¢;,) can then
be converted into n singlets via LOCC. Since € and 6 can be chosen arbitrary small,
analyzing Eq. (5.6) we can bring the fraction n/m arbitrary close to S(py) in the limit of
large m. O

Propositions 5.1 and 5.2 provide bounds on the distillable entanglement and entangle-
ment cost of a pure state. We will now prove that these bounds are optimal.

Theorem 5.1. The distillable entanglement and entanglement cost of a state |{) are equal to
S(py)-

Proof. Assume by contradiction that there exists a hypothetical LOCC protocol con-
verting m copies of [{)) into n singlets such that n/m ~ S > S(py) with asymptotically
vanishing error in the limit m — oo.

Assume now that Alice and Bob start with k singlets [¥~). Due to proposition 5.1,
for large k there exists an LOCC protocol converting the singlets into [/)®" such that
k/m = S(py). In the next step, Alice and Bob use the hypothetical protocol from the
previous paragraph, converting [1/)®" into [¥~)®" with n/m ~ S > S(py)- Note that

S
S(py)

In summary, Alice and Bob started with k singlets, and ended up with n > k singlets.
Noting that the number of singlets cannot be increased via LOCC, the contradiction
follows. This proves that the distillable entanglement of |¢) is equal to S(py). The
proof that the entanglement cost of [i)) must be equal to S(py) follows similar lines of
reasoning. o

n~mS=k > k.
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5 Entanglement distillation and dilution

5.5 LOCC and separable operations

Any LOCC protocol is a separable operation:

pAB — Arocc (pAB) = Z Ai® BipABAj ® Bj/
i

where A; ® B; fulfill the completeness condition for Kraus operators:

ZA}AZ@BjBi = 1.
i

Not every separable operation is an LOCC.

Any stochastic LOCC transformation has the form

1
A 2 ' A
p B : A;®Bip BA;(X)BZT, 5.7)

where
Z ATA; ®BIB; < 13,
i

and the probability of the transformation is given as

p=Tr|) A@Bp'PAl@B]|.
i

A stochastic LOCC transformation mapping H4p onto the space of two qubits has the
form (5.7), where A; is a 2 X d 4 rectangular matrix, and B; is a 2 X dp rectangular matrix.
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5 Entanglement distillation and dilution

5.6 Entanglement distillation for mixed states

Lo s
4\0, 7 ()/(/V%‘i MA\M%/Z "

Figure 5.3: Mixed-state entanglement distillation

We now consider entanglement distillation for mixed states. Assume that Alice and Bob
share many copies of a mixed state with density matrix p, and want to convert them
into singlets via LOCC. We first note that Alice and Bob cannot distill any singlets if the
shared state is separable. This is because for a separable state p also p®" is separable.
As discussed in Section 5.5, any stochastic LOCC protocol brings the state p®" to the
state

1
o= ;ZAj@)ij@mA;@B;
j

with probability p = Tr[}; A;®B; p®mA} ®B}r]. Since p®™ is separable, also o is separable.
This implies that o cannot be close to a singlet, even in the asymptotic limit m — oo.

The above arguments show that separable states cannot be distilled into singlets. The
following theorem extends this observation to all states with positive partial transpose.

Theorem 5.2. States with positive partial transpose cannot be distilled into singlets.
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5 Entanglement distillation and dilution

Proof. If p can be distilled into singlets, there must exist a stochastic LOCC protocol
bringing p®" arbitrary close to a singlet for large m. Then, there must also exist a
stochastic LOCC protocol transforming p®" into an entangled two-qubit state gp,. A
general stochastic LOCC transformation converting p®" into a two-qubit state has the
form (see Section 5.5)

1
oy=-) A;®@Bp*"At® B!,
q p ; ] ] j j
withp =Tr[}.;A;®B jp®mA}r ® B}r] and rectangular matrices A; and B;.
Since 0, is entangled, there must be an integer i such that
1
g; = ;Ai ® Bip®mA2- ® B;]-
1

is an entangled state, where p; = Tr[A; ® Bip‘g’mA:r ® B:r]. Recall that A; is a rectangular
2 X d4 matrix, and B; is a rectangular 2 X dg matrix. Thus, A; and B; can be written as

Aj = [0)(aol + [1Xa1l,
Bi = |0)Bol + [1)¢B1l,

where |a;) € Hy and |B;) € Hp are (possibly unnormalized) vectors.

Let P4 be a projector onto the subspace spanned by |ag) and |a1), and Pp be a projector
onto the subspace spanned by |Bo) and |B1). Then it holds

1 1
0i= Ai® Bip®" At @ B = L Ai®B, (Pa ® Ppp®"P4 ® P) A ® BY.
1 1

Since o; is an entangled state, also the state

B Py ®P3p®mPA®PB
M= T [Py ® Psp®"P, ® Py

must be entangled.

Consider now an orthonormal product basis |f;) ® |gx) such that

Pa = [fo)Xfol + 1f1){fil,
Pg = |g0){(gol +1g1){g1l-

Expanded in the basis |f;) ® |gk), the state u takes the form

0 O
p=\ . . , (5.8)
0 0
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5 Entanglement distillation and dilution

where 7, is a 4 X 4 density matrix, which can be interpreted as a two-qubit state.

T,
I

T2 had positive partial transpose, then by Theorem 3.2 7o; must be separable, and thus

For evaluating the partial transpose x4 we can focus on the partial transpose T

T o
4 must have negative eigenvalues,

also u is separable, which is a contradiction. Thus, T

i.e., there exists a vector

1
)= ) cielf)lge)

ik=0
such that
Wl 1) < 0.

Due to Eq. (5.8) we have (LPITZ‘ [Py = (gblyTAlgw, which implies that

Wlu™y) <.

Using the equalities

(PA ®P3p®mPA ®PB)TA =P,®Pp (p®m)TA Pa ® Pg,

P4y ®Pgl) = |¢)
it follows that
(Y| (P4 ® Pgp®"Pa ® Pp)™ i)
Ta = =
0> W) = == e Pppe P, @ Py
_WIPA@Ps (p®™)  Pa® Pely) _ (l(p®™) " Iy)
~ Tr[PAa®Ppp®"P4®Pg]  Tr[Ps®Ppp®"'Ps®Ps]

implying that p®" has non-positive partial transpose. This also implies that p’4 is not
positive semidefinite. |

5.7 Matrix realignment criterion and bound entanglement

Given a 2 X 2 matrix

Moo Mn
M=
( Mg M )

we can “vectorize” it by defining the vector

M = (Moo, Mo, Mo1, Mi1)". (5.9)
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5 Entanglement distillation and dilution

Consider now a two-qubit density matrix

Poo Po1 P02 Po3
o= po pu pr2 pw [_[ X Y
P20 P21 P2 P23 Yyt z

P30 P31 P32 P33

with 2 X 2 matrices X, Y and Z. We define the realigned matrix p as follows:

—

XT

2 poo P10 Por P11
- YT ] p2o p3o pa pa
p= YT | | p2 p12 pos pis

ZT P22 P32 P23 P33

It is straightforward to extend these definitions to dimensions larger than qubits. In the
following, we will consider the trace norm of the realigned matrix.

Trace norm. For a general matrix M with singular values s; the trace norm is defined
) Ml = T VMIM = ) ;.
i
The trace norm fulfills the triangle inequality:
A + Blly < [lAll + IBllx

for any two matrices A and B. The trace norm is also absolutely homogeneous:

llaMlly = lal - [|M][y

for any matrix M and any a € C. More details about the trace norm can also be found
in Section 6.2.

As we will see in the following proposition, the trace norm of p can be used to detect
entanglement in the state p.

Proposition 5.3. Any separable state p fulfills ||pll; < 1.

Proof. Let p be a pure product state: p = [){¢| ® [p){¢p|. We “vectorize” the matrices
[)(Y| and |p){¢P| in the same way as in Eq. (5.9), with the corresponding vectors 1,5 and
qg. Note that

Il = 1ol = 1.
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5 Entanglement distillation and dilution

The realigned matrix p can be written as
~_ 7 2T
p=y-¢.
Note that the trace norm of p is given as

lIpll = 1.
Consider now a separable state
Poep = Y, Pi 10Xl @ o) {cpil
i
The realigned matrix psep takes the form

_ - =
Psep = Z piYi - ﬂbiT/

— —
where 1; and ¢; are “vectorized” matrices [i;){¢;| and |p;){¢;|. For the trace norm of
Psep We Obtain

llpseplli =

MR P il

where we have used the fact that the trace norm is absolutely homogeneous and fulfills
the triangle inequality. m|

Using the above proposition, we will now show that there exist entangled states which
cannot be distilled into singlets. Such states are called bound entangled, since they
require singlets for their creation, but cannot be converted into singlets even asymptot-
ically. For ds = dg = 3 consider the following state for 0 <a < 1:

a 000 a0 0 0 a
0a 0000 O 0 0
00a 000 O 0 O
000a00 O O O
pﬂ=1 2 000a0 0 0 a
8a+1{ 00 000a 0 0 O
1 Vi-a?
000000 L o ¥
000000 O a 0
a2 000a0 X2 o Lu

N
&

This state has positive partial transpose for 0 < a < 1, but [|pall; > 1 forall0 <a < 1.
Thus, for all 0 < a < 1 the state p, is a bound entangled state.

It is an open question whether all quantum states with non-positive partial transpose
can be distilled into singlets.
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6 Quantification of entanglement

Having characterized entanglement, we are now interested to quantify the amount of
entanglement in a given state. For this we will consider functions of the state E(p) which
fulfill the following properties:

1. E(p) = 0, and equality holds if p is separable,
2. E does not increase under local operations and classical communication:
E(Arocclpl) < E(p) (6.1)
for any LOCC protocol Arocc.

Interestingly, the second property implies that for d4 = dg = d the state |®7) and any
other maximally entangled states (see Section 2.5) has indeed the maximal amount of
entanglement among all states. This is a direct consequence of Theorem 2.1, stating that
|®7) can be converted into any pure state via LOCC. Note that this also implies that |®7)
can be converted into any mixed state via LOCC.

Functions that fulfill the above two properties are also called entanglement measures.
Many entanglement measures have additional properties, such as convexity:

E [Z Pz-pf‘B) < Zi‘PiE (o'2).

Moreover, many entanglement measures are nonincreasing on average under LOCC:
Z q:E (afB) <E (pAB) , (6.2)
i

where the states oj‘B and probabilities g; are obtained from p“® by means of LOCC. Con-
dition (6.2) is also called strong monotonicity. Note that strong monotonicity together
with convexity implies Eq. (6.1).

In the following, we will study examples of entanglement measures.
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6 Quantification of entanglement

6.1 Entanglement of formation

Entanglement of formation is defined for pure states as
E(p)*) = S(p™),

where p4 = Trp[|Y)(y[F] is the reduced state of Alice. This quantity is also called
entanglement entropy of [/)*?. For mixed states pAf we define

E(p"®) = min ) " piE(lyi)"),

and the minimum is taken over all decompositions {p;, |l/)i>AB } such that pAB =).ipi |1pi)(gbi|AB .
The entanglement of formation can be interpreted as the minimal average entanglement
required to create the state p/AZ.

We will first show that E f(pAB ) = 0. For this, note that for any decomposition {p;, Igbi)AB }
the average entanglement ) ; p;E f(ltpi)AB ) is nonnegative. Moreover, for a separable

state 048 there exists a decomposition into product states Itpi)AB = oy ® Iﬁi)B with
E f(|¢i>AB ) = 0, which implies that E¢(0*?) = 0 for any separable state.

Proposition 6.1. Entanglement of formation is convex:
Ef [Z Pz-pf‘B) <Y piEs (pF).
i i

Proof. Consider a decomposition of the state p;“B = 2. qij Igbij>(1pij|AB with the property
that
Ef(p?) = Z 9i;Ef (l#’i]’)AB) .
j

We then obtain

Y PiEs (o) = ) piaiiE (19i™") .
i if
We now define the state 08 = Y, p; pr, and note now that ¢ can also be expressed as

=) pipf? = Y pai il
i i

Recalling that the entanglement of formation is defined as the minimal average entan-
glement of a state, it must be that

Er(o7) = 2 punEy (i)™
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6 Quantification of entanglement

Combining these results, we obtain

which completes the proof. m|

6.1.1 Monotonicity under LOCC

Our next aim is to show that the entanglement of formation does not increase under
local operations and classical communication. For achieving this, we will first show that
Ef is monotonic on average under local measurements for pure states. Consider a pure

state [1))?, and suppose that Alice applies a local measurement with Kraus operators
{Ki}. The corresponding post-measurement states are

1

K @ 1) [p)®
\/}71,( ® 1))

| )4P =

with probability
pi=Tr[Ki@ L)y Kf 0 1],

see Section 1.2. We now have the following proposition.

Proposition 6.2. For pure states [)? entanglement of formation does not increase on average

under local measurements on Alice’s side:

Z piEf(I9:1%) < Ef(jp)B).

Proof. Note that local measurements on Alice’s side do not change the state of Bob, and
h
o o = Trea Xl = ) piTea [l "] = ) pio,
where we defined a? =Trp [|¢i)(¢i|AB ] By definition of Ef we further have!
AWy =5(0"), ) piEIo)™®) = ) piS(af).

Combining these results and using the fact that the von Neumann entropy is concave
we obtain

Y PEA6Y) = ) piS(a]) < S (Z pio?) = S(p") = Ef(9)™).

"Note that for a pure state [1»)** it holds S(p*) = S(p®).

40



6 Quantification of entanglement

We will now show that this proposition also extends to mixed states pAE. Now, if Alice
performs a local measurement with Kraus operators {K;}, the outcome probability and
the post-measurement states are given as

pi=Tr [Kl- ® 1p"PKk' ® 11],

1
oAB = ;Ki ® 1pPKl @1,

1 .
1

see Section 1.2. We will now prove the following result.

Proposition 6.3. For all mixed states pP the entanglement of formation does not increase on
average under local measurements on Alice’s side:

ZpiEf(a?B) < Ef(pAB).

Proof. Consider an optimal decomposition {g;, ¢ ]-)AB } of the state p8 such that p8 =

;4 19)iI*P and

Ep(p"®) = Y aiEs (). (6.3)
j
We now define
pii = Te[(Ki® D))yl (KT @ 1)], (6.4a)
AB 1 AB
i = =K@, 6.4b
i) \/;T'j( ® 1) [9)) (6.4b)

and note that

Y i = pr
]

B

For the entanglement of formation of the states o? we obtain

1 .
Ef (aj‘B) = Ef (EKZ- ® 1p"PKk' ® ]1) = Ef [Z %Ki ® LIyl K @1
7 i
jPij
= E [Z - |q>i]-><¢i]-|AB].
7 i
Using convexity of Ey further gives us
E ( AB) < Z quifE (| .4>AB)
)= ot Gij)™)-

j
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6 Quantification of entanglement

Multiplying this inequality with p; on both sides and taking the sum over i gives
ZPiEf (G?B) < Z q;piiEs (|<Pz‘j>AB).
i i,j

Now note that the states Iq’)i])AB and probabilities p;; are obtained from |¢ ]-)AB via a local

measurement on Alice’s side, see Egs. (6.4). Thus, from Proposition 6.2 we have
Z piiEf (|q5ij>AB) <Ey (ll,bj)AB) ,
i
which then leads to

D piEr(of) < Y ar ) pikr (190)") < 3 asEr (10)™7).
i ] 1 ]

The proof is complete by recalling that {g;, [¢ ]->AB } is an optimal decomposition of p”5,
see Eq. (6.3). O

While the above proposition concerns only local operations on Alice’s side, it is straight-
forward to show that it generalizes to any LOCC protocol, where Alice and Bob perform
local measurements and exchange their measurement outcomes via a classical channel.
In the following proposition, afB denote states which can be obtained from an initial

state p8 via an arbitrary LOCC protocol, with corresponding probability p;.

Proposition 6.4. Entanglement of formation does not increase on average under local operations
and classical communication:
Y piEsof®) < Eq(p™®).

1

With the above result, we can finally prove the following theorem.

Theorem 6.1. Entanglement of formation does not increase under LOCC:

E¢(Avocclp]) < Ef(p)
for any LOCC protocol Arocc.

Proof. Let Arocc be an LOCC protocol leading to states G?B with probability p; when
applied to a state p/5:

Arocclp®] = Z piotB.

We use Proposition 6.4 and convexity of E:

Ef(Arocclp??]) = Ef [Z Pifff‘B] < ZPiEf(GlAB) < Ef(p"P).
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6 Quantification of entanglement
6.1.2 Evaluating entanglement of formation for two qubits

Given a general state of two qubits, we will now give a formula for calculating the
entanglement of formation. For this, we first define the concurrence of a state pAB:

C(p?) = max{0, A1 — A2 — A3 — A4},
where A; are the square roots (in decreasing order) of the eigenvalues of pp, with
p=(0y®0y)p(oy®ay),
—i
0

currence can be seen as a measure of entanglement on its own right, as it is nonnegative,
and zero for any separable state.

. . 0 : o
the Pauli matrix o, = ( ; ), and p* denotes entry-wise complex conjugation. Con-

Having defined the concurrence, the entanglement of formation of pA® can be given as

Ef(p™) = h( .

with the binary entropy h(x) = —xlog, x — (1 — x)log,(1 — x).

6.2 Trace distance and fidelity

For two quantum states p and o the trace distance is defined as

Dy(p,0) = % ||p - 0”1 (6.5)

with the trace norm [[M|l; = Tr VM'M, see also page 36. It holds that Dy(p,0) = 0 if
and only if p = g, and 1 > D(p, 0) > 0 otherwise. Moreover, the trace distance does not
increase under quantum operations, i.e.,

Dy(Alp], Alo]) < Di(p, o) (6.6)

for any quantum operation A. Eq. (6.6) is also called data-processing inequality, and is
a consequence of the following theorem.

Theorem 6.2. For any Hermitian d X d matrix H and any trace preserving positive linear map
A acting on the Hilbert space of dimension d it holds that

IA DI < 1A, - (6.7)
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6 Quantification of entanglement

Proof. Let A(H) = Q+ — Q- and H = P, — P_ be decompositions into orthogonal parts
Qs+ >0and Ps > 0. It follows that

Tr (Q4) < Tr (A[P4]),
Tr(Q-) < Tr(A[P-]).
Recalling that A is trace preserving, we further have
Tr(Q+ +Q-) <Tr(P+ +P-).

The proof is complete using the fact that ||[H||; = Tr(P; + P-) and [[A(H)|ly = Tr(Q+ +
Q-). O

In the following, we will make use of the following proposition.

Proposition 6.5. For any unitary U it holds that
Tr (AUD)] < [|All; -

Proof. By the polar decomposition we have

Tr (AU)| = |Tr(V \/ﬂu)} = 174 [A+A]1/4

Tr ([A* Al uv)‘ .

Using the Cauchy-Schwarz inequality |Tr (XJr Y)|2 <Tr (X*X) Tr (YJr Y) and setting

x=[ata]™, v=[ata]"uv

we obtain

[Tr (AU)| < \/Tr VATAT: (VIUT VATAUV) = Tr VATA = |All; -

A quantity which is closely related to the trace distance is the fidelity. For two quantum
states p and o the fidelity is defined as

F(p,0) = Tr [ v/po +/p.

The fidelity is related to the trace distance as follows:

1—F(p,0) < Di(p,0) < /1 = F(p,0)>. (6.8)

From Eq. (6.8) we see that 0 < F(p,0) <1, and F(p,0) = 1 ifand only if p = 0.

Let now |[¢) = |¢>AB and |¢) = |¢)AB be purifications of the states p = p? and ¢ = o®.
The following theorem provides a connection between the fidelity and the purifications
of the states.

44



6 Quantification of entanglement

Theorem 6.3. For any two states p and o it holds that

F(p,0) = max [l

7

where the maximum is taken over all purifications |{) of p and |p) of o.

Proof. We can write any purification of p and o as follows:
) = (Ua ® vpUs)Im),
0 = (Va® VoV)lm)
with dyg = dp, |m) = }; [i)|i) and some unitaries Uy, Up, V4, and Vp. We obtain
(pl)| = [mILL, V4 ® U, p Vo Vilm))|.

Using the equality
Km]A ® Blm)| = Tr (A*B)

we further obtain

(1) = |Te (Vi UaUE VB Vo V)|

Defining the unitary U = Vp V:[l Uy U}; we arrive at

[l = [T (VB Vou)|

Using Proposition 6.5, we see that

[wie)] < [|vp Vo, = Tr [/ vpo v = F(p, 0).

The equality can be attained by choosing a unitary V such that M = VMMV, where

M = \[p+o. Setting Vg = V' and Up = Uy = V4 = 1 the equality is attained.

Using Theorem 6.3, we will now prove that the fidelity is monotonic under quantum

operations.

Theorem 6.4. For any two quantum states p and o and any quantum operation A it holds that

F(Alp],Alo]l) 2 F(p,0).

Proof. Every quantum operation A on the system B can be written as

A]pP] = Tre [Use (p° ® 0)01F) U |
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6 Quantification of entanglement

Let [)'® and |p)*? be purifications of p? and ¢®, such that F(p, o) = |(gb|qi)>| (see The-
orem 6.3). Then 1 ® Upg |1/))AB I0YF is a purification of A[pB] and 1 ® Upr Iqb)AB |0)E is a
purification of A[¢®]. Using Theorem 6.3 we obtain

F(A[p], Alo]) >[40I 1 ® UfUse ) [0Y] = [(wlpY| = F(p, o).

Using fidelity, it is possible to define the Bures distance

Di(p,0) = 2~ 2F(p, ) (6.9)

which has similar properties as the trace distance. In particular, Dy(p,0) > 0 with
equality if and only if p = 0. Moreover, D, fulfills the data-processing inequality:

Dy(Alp], Alo]) < Dy(p, 0)

for any quantum operation A.

6.3 Distance-based entanglement measures

Given a distance function D(p, o) for any pair of density matrices, it is possible to
construct an entanglement measure as

E(p) = ingD(p, 0), (6.10)

where the infimum is taken over the set of separable states S, see also Fig. 6.1.

For any distance which fulfills D(p,0) > 0 with equality if p = o, the corresponding
entanglement measure is nonnegative, and zero for separable states. Moreover, if the
distance D fulfills the data-processing inequality, i.e.,

D(Alp], Alo]) < D(p, o) (6.11)

for any quantum operation A, the corresponding entanglement quantifier does not
increase under LOCC. To see this, let 0 be a separable state realizing the minimum in
Eq. (6.10), such that E(p) = D(p, 0). Noting that Arocc[o] is a separable state, we have

E (Arocclpl) = r&igD(ALocc[p],H) < D (Arocclpl, Arocclol) < D(p, o) = E(p).

Examples for distances fulfilling Eq. (6.11):
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6 Quantification of entanglement

Figure 6.1: Quantifying entanglement via a distance from the set of separable states.

e Quantum relative entropy”

S(pllo) = Tr[plog, p] — Tr[plog, o],

and the corresponding entanglement measure is called relative entropy of entanglement:
E.(p) = minges S(pllo). It is an upper bound on distillable entanglement. For any
pure state 1) it holds E,([)'F) = S(p*).

e Bures distance Dy(p, 0) = /2 — 2F(p, 0), see also Eq. (6.9).

e Trace distance Dy(p, 0) = %Ilp —oll;, see also Eq. (6.5).

6.4 Negativity

Given a bipartite state pB, the negativity is defined as

o™l — 1
En(p*®) = PT

The negativity is nonnegative and E,,(p %) = 0 when p2 is separable or (more generally)
when p#8 has a positive partial transpose.

Theorem 6.5. Negativity does not increase under LOCC:

A A
E, (ALOCC [p B]) <E, (P B) .
ZNote that the quantum relative entropy is in general not symmetric and does not fulfill the triangle
inequality.
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6 Quantification of entanglement

Proof. Recall that any LOCC protocol can be written as (see Section 5.5)
Avocclp?®] = Z A;®Bp"PAl ® B
i

with Kraus operators A; ® B; fulfilling the completeness relation

ZA:TAZ@B;rBi = 1.

1

Taking partial transpose with respect to Bob’s system on both sides of this equality we
get
Y AlAi @ BIB; = 143,
i

where we used the fact that the identity matrix 1 4p is invariant under partial transpose.

This implies that A; ® B; are also valid Kraus operators.

In the next step, we apply partial transpose onto Apocc[p”8]:

Tg
(Avocc [p"]) = | Y Ar@ Bip*At @ Bj) =Y A:eBpAl @ B].
i i

Taking the trace norm of this expression gives

|(aroce o))"

= |A "]

1 1’

Z Ai®Bip AT ® Bl
i

1

where A is the quantum operation corresponding to the Kraus operators {Ai®B}. Using
the fact that the trace norm does not increase under quantum operations, we obtain

[#1e™ 1, =11,
which in summary gives us
Jsoce o))", < -
Using this in the definition of negativity completes the proof. m|

Negativity is also convex, and fulfills strong monotonicity, see Eq. (6.2).
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6 Quantification of entanglement

6.5 Distillable entanglement and entanglement cost

Distillable entanglement has been defined in Section 5.4 as the singlet rate obtainable
from a quantum state p via LOCC in the asymptotic limit. Correspondingly, entangle-
ment cost has been defined in Section 5.3 as the singlet rate required to create a state p
via LOCC in the asymptotic limit. An explicit formula for distillable entanglement can

be given as
)=o)
1

where the infimum is taken over all LOCC protocols A. Correspondingly, entanglement
cost can be given as

| ) - 0} :

1

Distillable entanglement and entanglement cost are special cases of asymptotic state-
conversion rates, which can in general be given as
)=o}.
1

Eq(p) = R(p = [0*)D*]),  Ec(p) = [R(P*}DH| — p)] ™"

Ei(p) = sup {1’ lim (15\1f HA [p@’n] — |@+><®+|®Lrnj

n—-oo

Ec(p) = inf {1’ : lim (11[1f||p®” —A [|®+><®+|®Lrnj]

n—oo

R(p — 0) = sup {r lim (lﬂf”A [p®n] _ %l

n—-oo

It holds that

Moreover, for pure states [i)) and |¢p) we obtain

S(py)

Ry =100 = 505,

where py, is the reduced state of [¢).

Distillable entanglement and entanglement cost are bounded as

E4(p"P) < Ec(p"P) < Ef(p"P), (6.12a)
E(p*?) = Eq(p"?) = S(p™) — S(p™P), (6.12b)

where E is the entanglement of formation and E, is the relative entropy of entanglement.

As an application, consider a state of the form

Pk = Y ay i

i,j
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6 Quantification of entanglement

with a;; € C. States of this form are also called maximally correlated. Note that
every pure state is maximally correlated. For the separable state Gée% = ), ai |ii)(ii| it is
straightforward to verify the equality

S(ppdllotE) = S(pme) — S(pas). (6.13)

From the definition of E, and Egs. (6.12) we further see that

S(pmellotes) = Ex(p™?) = Ea(p™") = S(pime) = S(pine)-

Together with Eq. (6.13) we arrive at the final expression for the distillable entanglement
of any maximally correlated state:

Eq(pal) = S(pfhe) — S(pad).
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7 Monogamy of entanglement

Consider two qubits A and B in the maximally entangled state |[®*). Then, neither A
nor B can be entangled (or even correlated) with another qubit C, see Fig. 7.1. This
phenomenon is called entanglement monogamy. Note that this is a purely quantum
phenomenon, since a classical random variable can be maximally correlated with arbi-
trary many classical systems at the same time.

Quantitatively, there is a tradeoff between the amount of entanglement between the
qubits A and B and the qubits A and C. For a pure three-qubit state [1))5C it can be
formulated in terms of of concurrence C (see Section 6.1.2):
2 2 2
Cap + Cac < Caper
Here, C4.p and Cgx.c is the concurrence of the reduced state pAB and pAC, respectively,
and

Cape = \2(1=Tr[(pA2])

ABC
Y.

is the concurrence of the total state [

Figure 7.1: Monogamy of entanglement
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